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Abstract A first-principles tutorial account is given for the diffraction of either light or free,
non-relativistic, massive particles from a moving grating. Discussion on the properties of the
moving grating including non-reciprocity is followed by considering both Raman-Nath (thin
grating) diffraction and Bragg (thick grating) diffraction in either transmission or reflection
geometry. Use of four-momentum conservation with dispersion relations yield the angles of
diffraction. The increase in the angle of diffraction for grazing incident by using a moving
grating relative to using a static grating is calculated. It is shown that this increase is possible
only for Raman-Nath geometry.

Keywords Optical diffraction · Material diffraction · Physical optics

1 Introduction

Diffraction from a grating (Loewen and Popov 1997) can change the momentum of a particle
depending on its initial momentum and the geometry of the diffraction grating. If the grating
is moving (Kowalski and Kowalski 2006) the energy of the diffracted particle can change
as well. This simple modification has profound consequences on the diffraction process
which find uses in various fields of atomic, molecular and optical physics. Applications
are abundant. Some examples are: initiating mode locking in lasers (Weiner 2011), optical
heterodyning (Corey et al. 1996), frequency modulation in optical communications (Mukunda
2001), excitation of standing surface plasmon waves (Passian et al. 2005, 2004), measuring
the mobility of charge carriers in a semiconductor (Haken et al. 1993) and interference of
atoms and molecules (Cognet et al. 1998; Cronin et al. 2009). In linear optics the foremost
example of diffraction from a moving grating is the acousto-optic effect (Korpel 1997; Saleh
and Teich 2007), in which a light beam is diffracted from a refractive index grating generated
by a propagating sound wave. In that case light is diffracted from a material grating. In atom
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and molecular optics the opposite phenomenon is of interest—diffracting a beam of massive
particles (atoms, molecules, electrons, ions) from a light grating (Cronin et al. 2009). In the
context of nonlinear optics, diffraction from a moving grating entails an incident beam and a
diffracted light beam mediated by a multi-photon process such as harmonic generation (Zhang
et al. 2007). In this case the process can be termed as nonlinear diffraction (Freund 1968;
Bahabad et al. 2010). In optics, diffraction from a moving grating falls under the broader
category of optics in a time dependent media (Biancalana et al. 2007; Shvartsburg 2005;
Zurita-Sánchez et al. 2009). The wide spread use of diffraction from a moving grating calls for
a simple, unified treatment of the phenomena regardless of its actual physical implementation.

Here we give a unified, first-principles tutorial level account for diffraction from a moving
grating. We start with a description of the general properties of a moving grating, including its
relation to non-reciprocal processes. Then we construct the diffraction equations from moving
gratings for either photons or massive particles for either reflection or transmission geometry.
In any of these cases the geometry of the diffraction process (the relation between the incident
angle and the diffraction angles) can be formulated by purely kinematic reasoning—without
the fine details of the actual process under consideration. It is just enough to know the
geometry of the moving grating, defined through its spatial and temporal frequencies, as well
as the dispersion relations of the particles involved in the process. The physical details of the
process would determine the diffraction efficiency to any specific diffraction order (Escoubas
et al. 2000, 2001) and generally falls under the subjects of mode coupling and scattering. Such
physical details are for example the composition of materials, charge, light intensities and
so on, that fully characterize the diffracted particles and the diffraction element. Calculating
diffraction efficiencies is not in the scope of this work.

We discuss both thin (Raman-Nath) gratings and thick (Bragg) gratings (Moharam and
Young 1978). We consider the special case of grazing incidence which is important for X-ray
diffraction (Attwood 1999) and for some cases of material diffraction (Cognet et al. 1998)
where increasing the diffraction angles is desirable but very difficult to achieve. We show
that for grazing incidence, the use of a moving grating can increase the diffraction angle for
Raman-Nath diffraction, but not for Bragg diffraction.

It is important to notice that the gratings we consider are moving continuously while the
diffraction process takes place. This is unlike some cases where the term “moving grating”
was used to describe an option of changing the position of a grating to reconfigure the
operation of a system. In those cases the diffraction process occurs when the gratings are
stationary (Wise et al. 2005; Huangshanglian et al. 2007).

2 Properties of the moving grating

The grating we consider is moving at a constant velocity vg along the z direction. Its geo-
metrical representation is given by a real valued function:

f (x, y, z − vgt) =
∑

l

fl(x, y)eil Kg(z−vgt) =
∑

l

fl(x, y)ei(Kl z−�l t) (1)

where Kg is the grating fundamental spatial frequency and l ∈ Z are the diffraction orders
of the grating. The constant velocity of the grating enforces a linear dispersion relation in l
between the grating temporal and spatial frequencies: Kl = l Kg = �l/vg = l�g/vg . Here
�g is the grating fundamental temporal frequency. Kl are known as the spatial reciprocal
lattice vectors of the grating. �l are the temporal reciprocal lattice vectors.
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The functions fl(x, y) determine the diffraction efficiency for each order as well as the
“thickness” or extent of the grating in the plane perpendicular to z. A grating is considered
thick if the interaction coordinate is much longer than the associated wave periodicity of
the diffracted particle. In other words—the diffraction can be spatially thick along a specific
direction if the interaction length along that direction is much longer than the wavelength of
the incident and diffracted beams, and temporally thick if the interaction time is much longer
than the temporal period of the particles waves. We would consider only gratings which are
“thick” in both time and in space along the modulation coordinate z. However, the grating
could be either thin or thick in a spatial coordinate perpendicular to z. From now on, we
would assume homogeneity in y, and so the perpendicular “thickness” property would be
related to the extent of the grating in the x direction.

“Thickness” along a specific coordinate enforces a conservation rule for the conjugate
variable (which is momentum or energy). If the interaction is spatially thick as to create a
translational symmetry, then along the relevant direction the momentum 1 must be conserved
exactly if the translational symmetry is continuous, and it must be conserved either exactly or
up to a reciprocal grating vector Kl if the translational symmetry is discrete (Bahabad et al.
2010). The assumption of “thickness” in time together with the discrete temporal translational
symmetry of the moving grating enforces exact conservation of energy or conservation up to
a temporal reciprocal grating vector �l .

The grating function can also be written using four-momentum vectors Kl = (−�l/c, Kl),
where c is the speed of light, in the following form:

f (x, y, z − vgt) =
∑

l

fl(x, y)eiKl·R (2)

where R = (ct, z) is a coordinate four-vector. Kl are reciprocal lattice four-vectors. This form,
together with the requirements for momentum conservation along z and energy conservation,
shows that a full four-momentum grating vector participates in the scattering process from
a moving grating. This means that the momentum quanta h̄Kl of the grating always comes
with an energy quanta h̄�l . They cannot be separated. If there was either no exact energy
conservation or exact momentum conservation along z this statement was no longer true
[leading to a “projection-type” diffraction, as was experimentally demonstrated for spatial
nonlinear optical diffraction in a two dimensional nonlinear photonic crystal (Bahabad et
al. 2007)]. Alternatively, if the grating function was not of a traveling type nature, but of
a standing-wave nature: f (x, y, z, t) = ∑

p
∑

q f p(x, y) fq(x, y)eipKg ze−iq�gt , then the
momentum quanta and energy quanta of the grating were decoupled and could have been
used in the scattering process, one without the other (Bahabad et al. 2010). In the following
we are only interested in deriving the diffraction equations, that is, finding the angles of
diffraction, and not the efficiency of the diffraction. Because of that, the exact form of the
functions fl(x, y) is not relevant to our analysis.

In the diffraction scenarios considered here the incident beam has a positive momentum
component along the z direction. As such, we designate the grating as co-propagating when
vg > 0 and counter-propagating when vg < 0.

In the literature there is some confusion as to the sign of the energy quanta delivered to
the diffracted particle by the grating, as a function of the grating diffraction order and/or the
grating velocity direction. This confusion can easily be resolved by using a first-principles

1 In the following we would treat momentum and energy up to a factor of h̄, so for example either the wave
vector k or the actual momentum p = h̄k would be treated as momentum.
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Fig. 1 The Spatial and temporal frequencies of a moving grating for two trivial cases of real-valued grating
functions—A co-propagating grating and a counter-propagating grating. The reference propagation direction
is taken as the positive z direction. The spatial and temporal frequencies associated with each grating and each
diffraction order are noted

argument: for a plane-wave eigenfunction of the type eiφ(z,t) the spatial frequency is given
by ∂φ

∂z and the temporal frequency by − ∂φ
∂t . 2 This means that for a co-propagating grating

the spatial and temporal grating frequencies are given by (Kl ,�l) = ±|l| · (Kg,�g) with
l being the diffraction order. The appearance of ± shows that, due to the realness of the
grating, for every positive diffraction order there is a matching negative diffraction order. This
result is trivially seen for the simplest co-propagating grating function cos(Kgz − �gt) =
1
2 ei(Kg z−�gt) + 1

2 e−i(Kg z−�gt). Similarly, for a counter-propagating grating the spatial and
temporal grating frequencies are given by (Kl ,�l) = ±|l| · (Kg,−�g), as can be seen
from the trivial example given with cos(Kgz + �gt) = 1

2 ei(Kg z+�gt) + 1
2 e−i(Kg z+�gt). The

different combinations of spatial and temporal frequencies are illustrated using our trivial
examples in Fig. 1 for l = ±1. The conclusion is that both a positive and a negative energy
quanta, for either a positive or a negative grating velocity are available. The exact combination
of energy and momentum quanta that is used in a specific process depends on the diffraction
order used for that process and on the grating direction of velocity.

An important feature of the moving grating can be observed when considering the allowed
combinations of spatial and temporal frequencies: diffraction from the moving grating is not
spatially reciprocal. An incident beam from a specific side of the z axis using a specific spatial
grating frequency Kl would diffract to a different angle and with a different frequency than
a beam coming from the other side at the same angle while diffracting using K−l . This is
due to the use of a different temporal grating frequency ±�l for the two cases. This would
be evident from the diffraction equations presented in the following. This non-reciprocity
behaviour of the moving grating can be useful for optical devices (Lira et al. 2012; Yu and
Fan 2009). We note that the moving grating does exhibit full spatio-temporal reciprocity
when the arrow of time is also reversed. In this case a co-propagating grating transforms
into a counter-propagating grating and vice versa. In this discussion we considered a grating
described by a real-valued grating. If our grating was described by a complex valued function
(for example by considering both phase and amplitude modulation simultaneously) then even
the full spatio-temporal reciprocity can be violated. This is strongly related to the subject of
interactions with a parity-time (PT) symmetric potentials (Makris et al. 2008; Zheng et al.
2010).

2 Another convention uses − ∂φ
∂z for the spatial frequency and ∂φ

∂t for the temporal frequency. However this
has no effect on our conclusions.
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Fig. 2 Spatial geometry of 1st order transmission and reflection diffraction. ki is the incoming momentum
and kd is the diffracted momentum. φi and φd are the incidence and diffraction angles respectively. Kg is the
grating momentum associated with the 1st order diffraction. The momentum balance along the z direction is
depicted schematically at the bottom of the figure

3 Diffraction by a thin moving grating

Diffraction from a thin grating is also known as Raman-Nath diffraction (Saleh and Teich
2007). Because the grating is thin there is no need to conserve the momentum perpendicular
to the grating modulation direction. We denote the incident angle relative to the normal to the
grating with φi and the diffracted angle with φd . Similarly, ki is the incident beam momentum
and kd is the diffracted beam momentum. The spatial geometry of the diffraction is shown for
1st order transmission and reflection in Fig. 2. If the momentum component perpendicular
to the grating modulation direction changes sign after interaction with the grating we say
that the beam is reflected. Otherwise it is transmitted. However, the diffraction angle is the
same for both cases. Of course both reflection and transmission are possible simultaneously,
although the efficiencies are usually different, depending on the properties of the grating.

The momentum balance in this case is satisfied along the z direction:

ki · z + Kl = kd · z (3)

or, using the vectors projection along the z direction:

kiz + Kl = kdz (4)

and in terms of angles:

ki sin φi + Kl = kd sin φd (5)

Energy conservation dictates:

ωi + �l = ωd (6)

As fundamental laws of nature the forms of energy conservation and momentum con-
servation are the same for either massless (photons) or massive particles. However as the
dispersion relations relating energy to momentum are different for massless and for massive
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particles, the forms of energy conservation written in momentum terms would be different,
leading to different diffraction equations as shown in the following.

3.1 Light diffraction by a thin moving grating

For light diffraction we use the dispersion relation for photons ω = kc as well as the grating
dispersion relation �l = Klvg to set the energy balance in the form:

ki c + vg Kl = kdc (7)

Note that we assume the beams are propagating in vacuum.
Using both the momentum and energy balance equations we get the diffraction equation

for a thin moving grating:

sin φd(l) = ki sin φi + Kl

ki + vg
c Kl

(8)

with Kl = l · Kg .
If for the energy balance we use only the photons dispersion relation, without the dispersion

relation of the grating, to get: ki c + �l = kdc, the diffraction equation is set as:

sin φd(l) = ki sin φi + Kl

ki + �l/c
(9)

which describes a more general case—not necessarily of a moving grating, but of a diffraction
element with both spatial and temporal modulations. We relate to such a general case as
spatiotemporally modulated grating. In this case the index l can become a two-dimensional
vector: the spatial and temporal frequencies are enumerated with different indices. If the
grating is not moving, the frequency shift of the diffracted wave cannot be associated with a
Doppler effect.

If the beams are not propagating in vacuum, then the energy balance equation needs to use
dispersion relations which take into account the dispersion properties of the material (index
of refraction). In this case, if there are different materials on both sides of the grating with
different indices of refraction than the diffraction angles would no longer be the same for
transmission and reflection.

3.2 Material diffraction by a thin moving grating

As the overwhelming majority of experiments in which massive particles were diffracted of
a grating were done in the non-relativistic regime (see (Cronin et al. 2009) and references
therein) we use here and thereafter in our analysis the dispersion relation associated with
the Schrodinger equation, namely, the non-relativistic kinetic energy term. In this case the
dispersion relation reads as E = p2/2m, where E and m are the particle energy and mass
respectively, and p = √

p · p is the magnitude of its momentum. In terms of de-Broglie
angular frequency and wavenumber this relation is written as h̄ω = (h̄k)2/2m. Using this
term in the energy conservation relation of the diffraction process (Eq. 6) we get:

(h̄ki )
2

2m
+ h̄vg Kl = (h̄kd)2

2m
(10)
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Fig. 3 Spatial geometry of 1st order grazing-incidence transmission and reflection diffraction. ki is the
incoming momentum and kd is the diffracted momentum. φi and φd are the incidence and diffraction angles
respectively. Kg is the grating momentum associated with the 1st order diffraction. The momentum balance
along the z direction is depicted schematically at the bottom of the figure. Note that the angles are defined
differently than for regular, non-grazing incidence, as in Fig. 2

Isolating the magnitude of the diffracted wave vector and using it in the momentum balance
equation (Eq. 5) gives:

sin φd(l) = ki sin φi + Kl√
k2

i + 2m
h̄ vg Kl

(11)

If we do not use the grating dispersion relation we get the more general case for diffraction
from a spatiotemporally modulated grating:

sin φd(l) = ki sin φi + Kl√
k2

i + 2m
h̄ �l

(12)

4 Grazing incidence diffraction by a thin moving grating

A special and important case is diffraction at very small angles relative to the surface. Such
are mandatory for X-ray radiation (Attwood 1999) when absorption by materials is of great
concern, and it could be important for material diffraction as well (Cognet et al. 1998).
Grazing incidence can also be applied for analyzing surfaces while neglecting bulk effects.
For grazing incidence it is customary to measure the angles relative to the grating surface as
shown in Fig. 3. For an easy comparison to known literature we would adopt this convention
in this section. Usually the preferred operation for grazing incidence is in reflection geometry.

Here the momentum balance along the z direction is written as:

ki cos φi + Kl = kd cos φd (13)

while the energy conservation Eq. 6 does not change.
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4.1 Light grazing-incidence diffraction by a thin moving grating

Using the energy balance Eq. 7 with Eq. 13 we get the diffraction equation for this case:

cos φd(l) = ki cos φi + Kl

ki + vg
c Kl

(14)

Consider that for grazing incidence the angles φi and φd are small, and that we wish to
increase the diffraction angle φd by using a moving grating instead of a stationary grating.
For this we need to decrease cos φd . It is easily seen that for this purpose the grating velocity
needs to have the same sign as the sign of the diffraction order. So, for example, for the 1st
order (l = 1) diffraction a co-propagating grating should be used, while for the (−1st) order
a counter-propagating grating is needed.

We can easily estimate by how much the diffraction angle can be increased. We check this
for negative diffraction orders, as those have bigger diffraction angles than those of positive
diffraction orders. We also assume that the angles are much smaller than 1. In this case we
approximate cos φd ∼= 1 − 1

2φ2
d and ki cos φi ∼= ki in Eq. 14. With a negative diffraction

order l = −|l| and a counter-propagating grating vg = −|vg| we get:

1

2
φ2

d
∼=

|l|Kg

(
1 + |vg |

c

)

ki + |vgl|
c Kg

(15)

We define the angle enhancement factor with:

r(vg) = φd(vg)

φd(vg = 0)
(16)

which, for the case described with Eq. 15 is

r =
√√√√ c + |vg|

c + |vg| |l|Kg
ki

(17)

Using Eq. 15 for stationary grating we get that 1
2φ2

d(vg = 0) = |l|Kg
ki

which needs to be
much smaller than 1 for grazing incidence. With this we can see that the range of r is between
r(vg = 0) = 1 to the maximum possible enhancement of r(vg → −c) ∼= √

2. One should
remember that vg represents the grating velocity, which could be made of light and moving
at the speed of light (Zhang et al. 2007).

4.2 Material grazing-incidence diffraction by a thin moving grating

This time we use the material energy balance Eq. 10 with Eq. 13 to get the diffraction
equations:

cos φd(l) = ki cos φi + Kl√
k2

i + 2m
h̄ vg Kl

(18)

Once again, for small angles, to increase the diffraction angle φd the grating velocity needs
to be with the same sign as the diffraction order.
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Fig. 4 Spatial geometry of (−1)st order reflection diffraction in a thick grating. ki is the incoming momentum
and kd is the diffracted momentum. φi and φd are the incidence and diffraction angles respectively. Kg is
the grating momentum associated with the (−1)st order diffraction. The momentum balance along both the
z and x directions are depicted schematically

Repeating the evaluation for the increase in the diffraction angle for negative diffraction
order and a counter-propagating grating for small angles, we get:

r = φd(vg)

φd(vg = 0)
=

√√
1 + α|vg| + (β − 1)

β
√

1 + α|vg|
(19)

where α = 2m
h̄

|l|Kg

k2
i

and β = |l|Kg
ki

. Notice that the last term β = 1
2φ2

d(vg = 0) � 1.

It is evident that r(vg = 0) = 1 and it is easily seen that for α|vg| � 1 we get the
maximum possible diffraction angle enhancement of r ∼= 1/

√
β. Care should be taken with

the last result so the assumption of small angles is not violated. In addition we should assume
that |vg| is bounded by the speed of light.

5 Diffraction by a thick moving grating

Diffraction from a thick grating is known as Bragg diffraction (Saleh and Teich 2007).
Because the grating is thick, momentum needs to be conserved both along the grating mod-
ulation direction (which is always considered here to be long) and along its perpendicular
direction (where it is thick). The spatial geometry of the diffraction is shown for (−1)st order
in Fig. 4. Our geometry definitions follows customary conventions. In contrast to the case of
a thin grating, here a beam is reflected if the momentum component of the beam along the
modulation direction of the grating is changing sign. Reflection occurs when Kl and kiz have
different signs. We notice that for a static thick grating the only transmission order possible
is the zero order. This is a consequence of energy conservation which leads to incident and
scattered momentum vectors with the same magnitude (length), together with the require-
ment of having momentum conservation along the “thick” coordinate of the grating. When
the grating is moving the same magnitude restriction is removed and transmission diffraction,
which is not necessarily zero order, is possible. For this case Kl with the same sign as kiz

must be used.
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For the thick grating the momentum balance is satisfied along both the z and x directions:

kiz + Kl = kdz (20)

kix = kdx (21)

In terms of angles, as described in Fig. 4, these equations take the form:

ki sin φi + Kl = −kd sin φd (22)

ki cos φi = kd cos φd (23)

Energy conservation dictates as usual:

ωi + �l = ωd (24)

We can bring Eq. 22 to either of two forms:

k2
i sin2 φi = k2

d sin2 φd + K 2
l + 2kd Kl sin φd (25a)

k2
d sin2 φd = k2

i sin2 φi + K 2
l + 2ki Kl sin φi (25b)

Adding each of these forms in turn to the square of Eq. 23 results in:

sin φi = 1

2ki Kl

(
k2

d − k2
i − K 2

l

)
(26a)

sin φd = 1

2kd Kl

(
k2

i − k2
d − K 2

l

)
(26b)

For a static grating, energy conservation would lead to kd = ki and the diffraction equations
would degenerate to the regular Bragg reflection equation: sin φi = sin φd = − Kl

2ki
(which

is better recognized for the l = −1 order).
An important difference from the case of a thin grating is as follows: for a thin grating

the input angle of the incident beam was a free parameter, while the angle of diffraction
was dependent on this angle. Here, for a thick grating, due to the extra momentum balance
condition, the angle of incidence itself is no longer a free parameter. As a consequence, for
reflection and transmission there would be different conditions all together and so transmis-
sion and reflection could not be achieved simultaneously with the same diffraction order for
the same incidence angle. As a final note, to describe transmission instead of reflection one
simply needs to change φd → −φd in the equations that were derived in this section.

5.1 Light diffraction by a thick moving grating

The energy balance for light Eq. 7 can be cast in either of two useful forms:

k2
d = k2

i + 2ki Kl

(vg

c

)
+ K 2

l

(vg

c

)2
(27a)

k2
i = k2

d − 2kd Kl

(vg

c

)
+ K 2

l

(vg

c

)2
(27b)

Using Eq. 26a with Eqs. 27a and 26b with Eq. 27b results in the diffraction equations:

sin φi = − Kl

2ki

[
1 −

(vg

c

)2
]

+ vg

c
(28a)

sin φd = − Kl

2kd

[
1 −

(vg

c

)2
]

− vg

c
(28b)
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The diffraction angle can also be written using Eq. 7 as

sin φd = − Kl

2
(
ki + vg

c Kl
)

[
1 −

(vg

c

)2
]

− vg

c
(29)

Let us consider the effect of moving the grating for the case of grazing incidence reflection
diffraction 0 < φi , φg � 1. For small angles we require that both |Kl/ki |, |vg/c| � 1. A
consequence of that is that ki ∼= kd and so |Kl/kd | � 1 as well. Under these conditions we
observe that φi ∼= − Kl

2ki
+ vg

c and φd ∼= − Kl
2ki

− vg
c . So to first order, one angle increases while

the other decreases but the angle between the incoming and diffracting beams π − (φi +φd)

does not change.

5.2 Material diffraction by a thick moving grating

Using the energy balance for material Eq. 10 with Eqs. 26a–26b results in the diffraction
equations:

sin φi = 1

ki

(
− Kl

2
+ mvg

h̄

)
(30a)

sin φd = 1

kd

(
− Kl

2
− mvg

h̄

)
(30b)

The diffraction angle can also be written using Eq. 10 as

sin φd = 1√
k2

i + 2mvg Kl/h̄

(
− Kl

2
− mvg

h̄

)
(31)

Similarly to the case of light diffraction, for grazing incidence reflection diffraction of
massive particles, letting the grating move at a constant speed results in increasing one angle
while decreasing the other. The angles between the beams would not change to first order.

6 Summary

In this work we gave a unified tutorial account for the diffraction of light or massive par-
ticles from a moving grating. A purely geometrical discussion regarding the properties of
the moving grating was given. This discussion allowed to easily accomplish several goals:
differentiating between a thin (Raman-Nath) and a thick (Bragg) grating in space and time,
differentiating between a moving grating and a standing-wave grating which can still present
Doppler shifts, solving ambiguities regarding the sign of the energy quanta delivered to dif-
fracted particles, and finally relating diffraction from a moving grating to non-reciprocal
phenomena. Simple energy and momentum conservation equations were used to calculate
the angles of diffraction. The diffraction equations were derived for Raman-Nath and for
Bragg diffraction. The important special case of grazing incidence was considered and the
movement of the grating was examined as a mean for increasing the angle between the inci-
dent beam angle and the diffracted beam angle. It was found that such an increase is possible
for Raman-Nath diffraction but not for Bragg diffraction. We considered gratings moving
at uniform velocities. For non-uniform velocities the grating would be accelerating and the
diffraction angles would become time-dependent. A controlled acceleration of the grating
might find interesting uses as was suggested for the case of nonlinear optical diffraction
(Bahabad et al. 2011).
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